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ON THE AUTOMORPHISMS OF DESIGNS CONSTRUCTED
FROM FINITE SIMPLE GROUPS
TUNG LE AND JAMSHID MOORI
Abstract. Here we study the automorphism groups of 1-designs constructed
from finite nonabelian simple groups by using two methods presented in Moori
(Information Security, Coding Theory and Related Combinatorics, 2011) [9].
We obtain some general results for both and improve one of these methods.
In an application to the sporadic Mathieu groups Mn, we are able to retrieve
the Steiner systems S(t, t+ 3, n) where (n, t) ∈ {(22, 3), (23, 4), (24, 5)}.
1. Introduction
It is well-known that 1-designs have important applications in codding theory.
Two methods for constructing designs from finite nonabelian simple groups were
introduced by Moori and Key (see [9]). Method 1 provides a construction of sym-
metric 1-designs obtained from the primitive permutation representations. It was
first introduced in [4, 5] and summarized in [9, Theorem 5]. Notice that the primi-
tive action of G on Ω implies that the stabilizer Gα of a point α ∈ Ω is a maximal
subgroup of G.
Theorem 1.1 (Key and Moori). Let G be a finite primitive permutation group
acting on the set Ω of size n. Fix an α ∈ Ω, let {α} 6= ∆ be an orbit of the
stabilizer Gα of α and B = {∆g : g ∈ G}. Then D = (Ω,B) forms a 1-(n, |∆|, |∆|)
design with n blocks.
The second method introduces a technique from which a large number of non-
symmetric 1-designs could be constructed. Denote by gG the conjugacy class of g
in a group G. For M ≤ G, let M× = M − {1} and denote by 1GM the permutation
character afforded by the action of G on the (left) cosets of M in G. It is known
that |gG| = |G : CG(g)| and 1GM (g) ∈ N. A 1-design is constructed and known as
follows [9, Theorem 12].
Theorem 1.2 (Moori). Let G be a finite nonabelian simple group, M be a maximal
subgroup of G and g ∈ M×. Let P = gG and B = {(M ∩ gG)y : y ∈ G}. Then the
structure D = (P ,B) is a 1-(|gG|, |M ∩ gG|, 1GM (g)) design.
In both methods G acts on design D by conjugation. This action is transitive on
both points and blocks. If G is simple, it can be embedded into the automorphism
groups of the designs constructed by these methods, see Lemma 2.2. With an
ambition to understand more about finite simple groups we study the automorphism
groups of these designs. They provide natural structures on which our favorite
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simple groups act faithfully and transitively. Notice that G acts primitively on both
points and blocks of designs constructed by Method 1, but G only acts primitively
on blocks of designs constructed by Method 2.
Method 1 has been applied to several sporadic simple groups and finite simple
groups of Lie type of small rank by various authors. For example, after applying
Method 1 to the Janko simple groups J1 and J2, Key and Moori conjectured that the
automorphism group Aut(D) of D sits in Aut(G). However, Rodrigues in his PhD
thesis [10] showed that the conjecture is not true in general by counterexamples.
Thus, there are simple groups G for which Aut(G) does not preserve the structure
of D. Here, we explain this behavior in general and classify all automorphisms
of G which can be lifted to Aut(D) and which can not for both methods. The
lifted automorphisms form a subgroup of Aut(D), called AD(G) in Theorem 3.2
and Theorem 4.2.
A quick way to see the design (P ,B) in Theorem 1.2 with those parameters is
that there are exactly 1GM (g) conjugates of M containing g and that the transitive
conjugate action of G on gG fulfils the structure of a design. With designs D
constructed by using this method, some results towards the structure of Aut(D)
have been carried out in [9], where G = PSL(2, q), M is a Borel subgroup of
G. In these cases, the automorphism groups Aut(D) are either symmetric groups
or wreath products of two symmetric groups. Therefore, we do not have much
information on Aut(D) in general.
Recall that if G acts on Ω and Λ ⊂ Ω then GΛ = StabG(Λ) = {g ∈ G : Λg = Λ}.
Here we refine the designs D = (P ,B) constructed by Method 2 by looking deeper
into their structures, which allows us to define a new design DI = (PI ,BI), called
reduced design in Definition 2.10. The structure of DI is more concrete and more
advantageous to study G by the following meaning
i) D andDI have the same replication number and the same number of blocks,
but DI has a smaller point set and each block has fewer points;
ii) Aut(DI) ∼= Aut(D)/S for some normal subgroup S of Aut(D);
iii) G acts transitively and faithfully on both points and blocks of DI , thus
G ≤ Aut(DI);
iv) StabG(B) is maximal in G and conjugate to M for all blocks B ∈ BI ;
v) |StabG(x)| ≤ |StabG(y)| for all x ∈ P and y ∈ PI . Thus, the action of G
on the point set of DI is closer to being primitive.
As a result of this observation we obtain the following.
Theorem 1.3. Let G be a finite nonabelian simple group, M a maximal subgroup
of G and g ∈ M×. Let V := {Mx : x ∈ G such that g ∈ Mx}, A := ∩
Q∈V Q and
S := NG(A). Then CG(g) ≤ S and gS = A ∩ gG.
In an application to the sporadic Mathieu groups Mn where n ∈ {22, 23, 24}, we
are able to retrieve the Steiner system S(t, t+3, n), see Subsection 4.2. Furthermore,
we discover t-(n, t + 1, 16) designs whose automorphism groups are isomorphic to
the automorphism groups of those Steiner systems S(t, t+ 3, n).
The paper is organized as follows. In Section 2, we prove some general results for
both methods: the embedding of G into the automorphism groups of designs and
the introduction of reduced designs DI . In Section 3, we classify all automorphisms
of G which can be lifted to Aut(D) where D is a design constructed by Method 1.
In Section 4, we study designs D constructed by Method 2. First, we classify all
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automorphisms of G which can be lifted to Aut(D). Next we study the stabilizer in
G of a point of the reduced design DI , where Theorem 1.3 is proven, and we show
some applications on the Mathieu simple groups. In the last section we compute all
reduced designs of those constructed by Method 2 for the group G = PSL(2, q2), q
odd, and its maximal subgroups M ∼= PGL(2, q).
Our notation will be quite standard, and it is as in [1] for designs and in [2, 3]
for group theory and character theory. For the structure of finite simple groups
and their maximal subgroups we follow the ATLAS notation [2].
2. Results applicable for both methods
Consider the design D constructed from a finite simple group G by Method 1 or
2. In this section we aim to prove some general results regarding the structure of
Aut(D) and its relation with Aut(G).
Definition 2.1. For each x ∈ G, we define x˜ acting on D as follows: u 7→ ux for
all points u ∈ P = Ω, and B 7→ Bx = {ux : u ∈ B} for all blocks B of D. We set
G˜ := {x˜ : x ∈ G}.
Lemma 2.2. x˜ ∈ Aut(D) for all x ∈ G. The homomorphism G→ Aut(D), x 7→ x˜
is one-to-one and G ∼= G˜.
Proof. Method 1: Assume that D is a 1-(|P|, |∆|, |∆|) design constructed by
Method 1. If M = Gα and B = ∆
g for some g ∈ G, then Bx = (∆g)x = ∆gx ∈ B,
it is clear that x˜ ∈ Aut(D). Notice that for all β ∈ P and x ∈ G, Gβg˜ = G
g
β is
conjugate to M .
Now we show that this embedding is one-to-one by proving that x˜ 6= y˜ for all
x 6= y ∈ G. Since G is simple, there exists u ∈ P such that xy−1 6∈ Gu, because
if xy−1 ∈ Gu for all u ∈ P , then xy
−1 ∈
⋂
u∈P Gu =
⋂
g∈G g
−1Mg = {1G} which
implies x = y. Thus ux 6= uy, which implies x˜ 6= y˜.
Method 2: Assume that D is the design constructed by Method 2 from g ∈M×.
Since the points in D are a conjugacy class of G and if a block B = gG ∩M , then
Bx = gG ∩Mx, it is clear that x˜ ∈ Aut(D). We shall show that this embedding is
one-to-one by proving that x˜ 6= y˜ for all x 6= y ∈ G.
Since G is simple, there exists h ∈ gG such that xy−1 6∈ CG(h), because if
xy−1 ∈ CG(h) for all h ∈ g
G, then xy−1 ∈ Z(〈gG〉) = Z(G) = {1G} which implies
x = y. Thus hx 6= hy, which implies x˜ 6= y˜. 
Remark 2.3. The proof in Lemma 2.2 for Method 1 also works for a primitive
permutation group which acts faithfully on Ω.
Definition 2.4. For a point x ∈ P of the 1-(v, k, λ) design D, let B1, ..., Bλ be all
distinct blocks containing x. We define
Ix := ∩
λ
i=1Bi .
We call x a representative of the set Ix, i.e. Ix = Iy for all y ∈ Ix.
For every σ ∈ SIx , the symmetric group of Ix, we define σ˜ acting on P as follows.
σ˜(u) :=
{
σ(u) if u ∈ Ix,
u otherwise.
Set S˜Ix := {σ˜ : σ ∈ SIx}.
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Lemma 2.5. The following hold.
1) For all x, y ∈ P, there is h ∈ G such that h˜(Ix) = Iy;
2) σ˜ ∈ Aut(D).
Proof. Since G acts transitively on P and h˜(Ix) = (∩λi=1Bi)
h = ∩λi=1Bi
h for all
h ∈ G, the first claim is clear by the design properties. The second claim follows
by σ˜(B) = B for all blocks B of D and the fact that incidences are preserved. 
By the above lemma, v/|Ix| ∈ N. Let t := v/|Ix|. The points in the 1-(v, k, λ)
design D are partitioned into t parts, denoted {Ixi : i ∈ [1, t]}. This fact leads to
the following corollary.
Corollary 2.6. The group S˜Ix1 × ...× S˜Ixt ≤ Aut(D).
Definition 2.7. We set S(I) := S˜Ix1 × ...× S˜Ixt .
It is clear that all elements in S(I) fix all blocks of D, i.e. τ(B) = B for all
τ ∈ S(I) and B ∈ B. The converse is considered in the following lemma.
Lemma 2.8. We have
i) S(I)⊳Aut(D).
ii) If f ∈ Aut(D) fixes all blocks of D then f ∈ S(I).
iii) S(I) = ∩
B∈B StabAut(D)(B), where B is the block set of design D.
Proof. i) It suffices to check that fτf−1 ∈ S(I) for all τ ∈ S˜Ix and f ∈ Aut(D). It
is clear by checking directly that fτf−1 ∈ S˜If(x) ≤ S(I).
ii–iii) The claim is clear by the restriction of f to the point set which is partitioned
as P = Ix1 ∪ ... ∪ Ixt . 
Remark 2.9. If D = (P,B) is a 1-(v, k, λ) design, from Corollary 2.6, we let PI :=
{Ixi : i ∈ [1, t]} and BI := {B¯ : B ∈ B} where B¯ = {Ixi : Ixi ⊂ B} for each B ∈ B.
Then (PI ,BI) forms a 1-design with parameters 1-(v/|Ix|, k/|Ix|, λ).
Definition 2.10. If |Ix| > 1, we call the 1-(v/|Ix|, k/|Ix|, λ) design constructed
above the reduced design DI of D.
Remark 2.11. i) By Lemma 2.8, for every f ∈ Aut(D), if f 6∈ S(I) then there exists
at least one B ∈ B such that f(B) 6= B.
ii) Since Aut(D)/S(I) acts faithfully on the design DI , Aut(D)/S(I) ≤ Aut(DI).
It is easy to see that each element of Aut(DI) can be lifted naturally to an element
of Aut(D), which gives the proof of the following theorem.
Theorem 2.12. If Aut(D) acts transitively on the point set and the block set, then
Aut(DI) ∼= Aut(D)/S(I).
3. Aut(D): Method 1
Consider the 1-(|Ω|, |∆|, |∆|) design D constructed from a finite simple group G
by using Method 1. In this section we study the automorphisms of G that could be
lifted up to be automorphisms of D. Recall thatM = Gα, a maximal subgroup ofG.
Here P = Ω and ∆ can be chosen by P := {Mg : g ∈ G} and ∆ := {Mg0g : g ∈M}
for some g0 ∈ G−M .
For φ ∈ Aut(G) we define the map φ˜ by φ˜(u) := φ(u) and φ˜(B) := {φ(v) : v ∈ B}
for all points u ∈ P and blocks B ∈ B of D.
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If φ(M) is not conjugate toM (in G), then φ can not be lifted to Aut(D) because
φ˜ does not preserve the point set P . For B = ∆y ∈ B we have φ˜(B) = φ˜(∆)φ(y).
To find whether or not that φ˜ ∈ Aut(D) it suffices to study when φ˜(∆) ∈ B.
Lemma 3.1. Let φ ∈ Aut(G). The following hold.
i) If φ(M) = Mx for some x ∈ G then either φ˜(∆) = ∆x or φ˜(∆) ∩∆x = ∅;
ii) φ˜ ∈ Aut(D) iff φ(M) = Mx and φ˜(∆) = ∆x for some x ∈ G.
Proof. i) Suppose that φ(M) =Mx and φ˜(∆)∩∆x 6= ∅, we show φ˜(∆) = ∆x. Since
StabG(∆) = M , we have StabG(φ˜(∆)) = φ(M) = M
x. Notice that ∆x = {Mg0gx :
g ∈ M} = {Mg0xg
x
: g ∈ M} = {Mg0xh : h ∈ Mx}, so StabG(∆
x) = Mx. Pick
u ∈ φ˜(∆) ∩∆x, we have {uh : h ∈ Mx} ⊂ φ˜(∆) ∩∆x. Since Mx acts transitively
on ∆x, we obtain φ˜(∆) = ∆x = {uh : h ∈Mx}.
ii) If φ(M) = Mx and φ˜(∆) = ∆x then it is clear that φ˜ ∈ Aut(D). For the
converse, it suffices to show that φ(M) = Mx and φ˜(∆) 6= ∆x imply φ˜ 6∈ Aut(D).
We do this by proving that φ˜(∆) 6∈ B.
Let T be a (right) transversal of M in G. Then P = {My : y ∈ T }, the set of all
distinct conjugates of M in G. Since StabG(∆
y) = My and B = {∆y : y ∈ T }, all
blocks have pairwise distinct stabilizers. Since StabG(φ˜(∆)) =M
x and φ˜(∆) 6= ∆x,
we obtain φ˜(∆) 6∈ B. 
Now we define
AD(G) := {φ˜ : φ ∈ Aut(G) such that φ(M) =Mx and φ˜(∆) = ∆x for some x ∈ G}.
By Lemma 3.1, AD(G) is the set of all automorphisms of G that can be lifted
to be automorphisms of D. Clearly we have:
Theorem 3.2. G ∼= G˜ ≤ AD(G) ≤ Aut(D).
Remark 3.3. From the proof of Lemma 3.1, if φ(M) =Mx then φ˜(∆) is always an
orbit of Mx, so φ˜(∆)x
−1
is a nontrivial orbit of M (in Ω). The following hold.
i) If M has only one orbit of size |∆|, then φ˜ ∈ Aut(D) iff φ(M) = Mx.
ii) Suppose that G has only one conjugacy class of maximal subgroups isomor-
phic toM , and letS|∆| be the set of all orbits ofM having the same size |∆|.
Then Aut(G) acts on S|∆| by sending ∆ to φ˜(∆)
x−1 where φ(M) = Mx
for all φ ∈ Aut(G). Clearly the inner automorphism group is in the kernel
of this action. So the outer automorphism group of G acts on S|∆|.
iii) If G has only one conjugacy class of maximal subgroups isomorphic to M
and M has only one orbit of size |∆|, then Aut(G) ∼= AD(G) ≤ Aut(D).
Remark 3.4. Since G acts primitively on P = Ω and PI is a partition of P , it is
clear that Ix in Definition 2.4 is trivial in Method 1.
Example 3.5. i) Let G = PSL(2, 27) and M ∼= D26 a dihedral group of order 26.
Under the action ofM on P , we have 22 orbits in which there are 13 orbits of length
13 and 8 orbits of length 26. The orbits of length 13 give 1-(378, 13, 13) designs.
Twelve of these designs have Aut(D) ∼= G, and the last one has Aut(D) ∼= G.6 ∼=
Aut(G). Since G has only one conjugacy class of maximal subgroups isomorphic to
D26, see [2, Page 18], and twelve designs have Aut(D) ∼= G, the outer automorphism
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group C6 of G acting on 13 orbits of length 13 has one fixed point. Therefore, for
the last design we have Aut(D) = AD(G) ∼= Aut(G).
ii) Let G = A6 andM = A5 (notice that G has two conjugacy classes of maximal
subgroups isomorphic to A5). The action of M on P has only two orbits, one of
length 1 and the other of length 5. The second orbit provides a 1-(6, 5, 5) design
D1, with Aut(D1) = AD(G) = A6.21 = S6. Notice that Aut(G) = A6.22 where
22 = V4 = {e, 21, 22, 23}, see [2, Page 4]. Only the outer automorphism 21 fixes the
conjucgacy class of M , the other two involutory outer automorphisms of G send M
to a nonconjugate copy of M in G.
iii) Let G = A6 andM ∼= S4 (notice that G has two conjugacy classes of maximal
subgroups isomorphic to S4). Under the action of M , P splits into 3 orbits whose
lengths are 1, 6 and 8. Third orbit of length 8 provides a 1-(15, 8, 8) design D2, with
Aut(D2) = A8  AD(G) = A6.21 = S6. Notice that only the outer automorphism
21 fixes the conjugacy class of M , the other two involutory outer automorphisms
of G send M to a non-conjugate copy of M in G, see [2, Page 4].
iv) Let G = A9 and M ∼= PSL(2, 8):3 of index 120. Under the action of M ,
P has three orbits whose lengths are 1, 56 and 63. The second orbit of length 56
provides a 1-(120, 56, 56) design D with Aut(D) = O+8 (2):2  AD(G)
∼= G, while
Aut(G) = A9.2 = S9. The involutory outer automorphism of G is not lifted to
Aut(D) since it sends M to a non-conjugate copy of M in G, see [2, Page 37].
4. Aut(D): Method 2
Consider the 1-(|gG|, |gG∩M |, 1GM (g)) design D constructed from a finite simple
group G and some fixed g ∈M× by using Method 2. In this section we prove some
general results regarding the structure of Aut(D) and its relation with Aut(G).
First we study the automorphisms in Aut(G) that could be naturally lifted to
be automorphisms of D. For φ ∈ Aut(G), we define the map φ˜ by φ˜(u) := φ(u)
and φ˜(B) := {φ(v) : v ∈ B} for all points u ∈ gG = P and blocks B ∈ B of D. We
shall find the conditions on φ such that φ˜ ∈ Aut(D).
The condition φ(g) ∈ gG is a must to preserve the point set P . So we consider
φ ∈ Aut(G) such that φ(g) ∈ gG. For a block B = gG ∩ Mx ∈ B, we have
φ˜(B) = φ(g)G ∩φ(M)φ(x) = gG ∩φ(M)φ(x). Thus StabG(φ˜(B)) = φ(M)φ(x) by the
maximality of φ(M) in G. Since StabG(B) =M
y for every bock B = gG∩My ∈ B,
we obtain the following:
Lemma 4.1. For φ ∈ Aut(G), φ˜ ∈ Aut(D) iff φ(g) ∈ gG and φ(M) = Mx for
some x ∈ G.
Now we define
AD(G) := {φ˜ : φ ∈ Aut(G) such that φ(g) ∈ gG and φ(M) = Mx for some x ∈ G}.
By Lemma 4.1, AD(G) is the set of all automorphisms of G that could be lifted
to be automorphisms of D.
Theorem 4.2. G ∼= G˜ ≤ AD(G) ≤ Aut(D).
Remark 4.3. If gG is the unique conjugacy class of elements of order n in G and G
has only one conjugacy class of maximal subgroups isomorphic to M , then clearly
Aut(G) ∼= AD(G) ≤ Aut(D).
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Remark 4.4. Except for all automorphisms of G that are lifted to automorphisms
of D, the rest of φ ∈ Aut(G), i.e. either φ(gG) 6= gG or φ(M) 6= Mx for all x ∈ G,
can be studied as follows. Suppose that the order o(φ) = t. The 1-design D∗ with
the point set ∪tk=1φ
k(gG) and the block set {φk(gG ∩Mx) : x ∈ G, 1 ≤ k ≤ t}
receives φ ∈ Aut(D∗).
Lemma 4.5. S(I) ∩ AD(G) = {IdG}.
Proof. It suffices to show that if f ∈ AD(G) fixes all blocks of D then f = IdG. It is
clear that StabG(g
G ∩M) =M and StabG(Bx) = StabG(B)x for all blocks B, x ∈
G. For all x, y ∈ G we have f(Bxy) = Bxy. Since f(Bxy) = f(Bx)f(y) = (Bx)f(y),
we have f(y)y−1 ∈ StabG(Bx) for all x, y ∈ G. Therefore, f(y)y−1 ∈ ∩x∈GMxEG.
Since G is simple, it forces f(y) = y for all y ∈ G. Thus, f = IdG. 
Remark 4.6. If λ = 1 then all blocks are pairwise disjoint. It is easy to see that
Aut(D) ∼= Sk ≀ Sb = SI :Sb where b is the number of blocks. Thus we are interested
in studying the 1-(v, k, λ) designs constructed by Method 2 with λ ≥ 2.
Example 4.7. Apply Method 2 to G = PSL(2, 9) ∼= A6 with M ∼= PGL(2, 3) ∼= S4
and gG = 2A is the unique conjugacy class of involutions in A6. Here
v = |gG| = 45, b = |G/M | = 15, λ = 1GM (g) = (1a + 5a + 9a)(g) = 3
and k = (λ× v)/b = 3× 45/15 = 9.
So we get a 1-(45, 9, 3) design D. For every point x ∈ gG the intersection of
the three blocks containing x has size 3. Therefore, DI is a symmetric 1-(15, 3, 3)
design and S(I) = S3
15
⊳ Aut(D). Together with AD(G) ∼= G:21  Aut(G), the
automorphism group of D contains S3
15:(G:2), whose order is exactly the group’s
order obtained from Magma. Thus, we have Aut(D) ∼= S3
15:S6 and Aut(DI) ∼=
Aut(D)/S(I) ∼= G:21 ∼= S6 6∼= PGL(2, 9).
Detailed computations: Consider S4 embedded into A6 as follows. Let S4 act
on a size 4 subset S of [1, 6] and let {i, j} = [1, 6] − S. If x ∈ S4 is even, keep it
the same in A6; otherwise, if x is odd, take its image equal to x(ij). Denote this
embedding corresponding to (ij) by Mij . Set bij := (12)(34)
A6 ∩Mij . Then, the
intersection of any pair bij 6= blk is known as follows:
bij ∩ blk =
{
{(ij)(rs), (lk)(rs), (ij)(lk)} if ∃ r, s : {i, j, l, k, r, s} = [1, 6],
∅ otherwise.
Fix a block bij , there are
(
4
2
)
= 6 blocks having nontrivial intersections with it.
Thus, the size of Ix is 3, and a symmetric group S3 acts on each intersection as
discussed above. These 15 intersections Ix are transitively acted by G˜ ≤ AD(G).
Notice that the other maximal subgroup M2 ∼= S4 of G = A6 is generated by
(1, 2, 3)(4, 5, 6), (1, 4)(3, 5).
4.1. The stabilizer StabG(Ix) in G of a point Ix ∈ PI of DI . Fix x ∈ P = g
G
in this subsection. Let Bi := M
gi ∩gG for i ∈ [1, λ] be all λ = 1GM (g) distinct blocks
containing x. We define
Ax := ∩
λ
i=1 M
gi .
Lemma 4.8. Set Sx := StabG(Ix). The following hold.
i) Ix = Ax ∩ gG and Sx = NG(Ax).
ii) CG(y)Ax ≤ Sx for all y ∈ Ix.
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iii) Let Hx := 〈CG(y) : y ∈ Ix〉. Then Hx and HxAx are normal in Sx.
iv) |Sx| = |CG(x)||Ix|. Furthermore, Ix = xSx is a conjugacy class of Sx.
Proof. i) We have Ix = ∩λi=1Bi = ∩
λ
i=1M
gi ∩ gG = Ax ∩ gG. Since {Iy : i ∈ [1, t]}
partition the point set gG of D and preserve the block set, Sx acts on {Bi : i ∈
[1, λ]}. As gG is invariant under conjugate action, Sx normalizes Ax. So Sx ≤
NG(Ax). Since Ix = Ax ∩ gG, the set of all elements of Ax conjugate to g in G, Ix
is invariant under the conjugate action of NG(Ax). So NG(Ax) ≤ Sx.
ii) For y ∈ Ix, by design properties of D, StabG(y) = CG(y) acts on the set
{Bi : i ∈ [1, λ]}. Thus, CG(y) normalizes Ax and CG(y)Ax ≤ Sx = NG(Ax) by
part i).
iii) The normality of Hx follows directly from CG(y)
a = CG(y
a) ≤ Hx for all
y ∈ Ix and a ∈ Sx = StabG(Ix).
iv) Let Rx := {gi : i ∈ [1, n]} be a right transversal of CG(x) in G. For each
y ∈ gG there exists uniquely gi ∈ Rx such that xgi = y. Thus for all h ∈ Sx, we
have Ihx = Ix and there exists uniquely gi ∈ Rx such that h ∈ CG(x)gi. Therefore
Sx ⊂
⋃
xgi∈Ix
CG(x)gi. For all gi ∈ Rx such that xgi ∈ Ix, we have Igix = Ix since G
acts on PI . Thus CG(x)gi ⊂ Sx for all gi ∈ Rx such that xgi ∈ Ix, which shows that
Sx =
⋃
xgi∈Ix
CG(x)gi and |Sx| = |CG(x)||Ix|. Since CG(x) ≤ Sx, CSx(x) = CG(x)
and |xSx | = |Sx/CG(x)|. So xSx = Ix. 
Remark 4.9. i) From Sx =
⋃
xgi∈Ix
CG(x)gi in the proof of Lemma 4.8 iv), StabG(Ix)
is the maximal subgroup among those H ≤ G such that Ix ⊂ H and xH = Ix.
ii) By Lemma 4.8 i) Ix is a union of conjugacy classes in Ax, hence 〈Ix〉 E Ax.
Furthermore, it is clear that StabG(Ix) = NG(〈Ix〉).
4.2. From Mathieu groups to Steiner systems and other t-designs. Here,
we shall retrieve the Steiner systems S(t, t+3, n) from the sporadic Mathieu groups
Mn for n = 22, 23, 24. Furthermore, we discover other t-designs whose automor-
phism groups are isomorphic to the automorphism groups of S(t, k, n). All results
are computed by Magma [8].
First, we recall the definition of the dual DT = (PT ,BT ) of a design D = (P ,B)
where PT := B and BT := {βx : x ∈ P}, where βx := {B ∈ B : x ∈ B}. The results
listed in Table 1 are proceeded by the following two steps:
1. Obtain reduced designs DI = (P ,B).
2. Determine the duals DTI = (P
T ,BT ) of DI .
Remark 4.10. Notice that StabG(B) ∼= M ∼= StabG(y) for all B ∈ B and y ∈ P
T .
Thus in Table 1 we only list StabG(b) where b ∈ B
T . From these computations, Mn
acts transitively, but not primitively, on the block set of the t-(n, t+ 1, 16) design
where (n, t) ∈ {(24, 5), (23, 4), (22, 3)}.
Here we provide Magma commands for the computation of M24 with the invo-
lutory conjugacy class, the others are similar:
> load m24; max:=MaximalSubgroups(G);
> #max, [#G/max[i]`order : i in [1..#max]];
> M:=max[7]`subgroup; cM:=Classes(M); #cM, [cM[i][1] : i in [1..#cM]];
> i:=2; a:=cM[i][3]; P:=âG; b:= P meet {x : x in M}; #b;
> gblox:=b̂G; ca:=[y : y in gblox | a in y]; Ix:=b;
> for y in ca do Ix:=Ix meet y; end for; #Ix;
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Table 1. Designs constructed from sporadic Mathieu groups.
G M o(g) |Ix| D
T
I Aut(D
T
I ) StabG(b)
M24 M23 2 15 S(5, 8, 24) M24 2
4:A8
M24 M23 3 2 5-(24, 6, 16) M24 (3.A6):2
M23 M22 2 15 S(4, 7, 23) M23 2
4:A7
M23 M22 3 2 4-(23, 5, 16) M23 (3×A5):2
M22 PSL(3, 4) 2 15 S(3, 6, 22) M22.2 2
4:A6
M22 PSL(3, 4) 3 2 3-(22, 4, 16) M22.2 (3×A4):2
where b ∈ BT .
> ptsI:=Ix̂G; bloxI:={};
> for x in gblox do
for> cx:=[y subset x : y in ptsI]; bx:={};
for> for s in [1..#cx] do if cx[s] then bx:=bx join {s}; end if; end for;
for> bloxI:=bloxI join {bx};
for> end for;
> desI:=Design<1,#ptsI|bloxI>; desI;
> dB:={};
> for x in [1..#ptsI] do
for> cx:=[x in y : y in bloxI]; bx:={};
for> for s in [1..#cx] do if cx[s] then bx:=bx join {s}; end if; end for;
for> dB:=dB join {bx};
for> end for;
> desdB:=Design<5,#bloxI|dB>; desdB;
> aut:=AutomorphismGroup(desdB);
> ”Aut(DIT)”; ChiefFactors(aut); ”StabG(b)”; ChiefFactors(Stabilizer(aut,bx));
5. Designs of G = PSL(2, q2) and M ∼= PGL(2, q) for odd q
Let G = PSL(2, q2), where q is a power of an odd prime p. By [7, Proposition
4.5.3], G has two conjugacy classes of maximal subgroups isomorphic to PGL(2, q).
These two maximal subgroups correspond to two conjugacy classes of unipotent
elements in G, which are called squared and non-squared. We denote these two
subgroups by M1 and M2 respectively, where M1 contains squared unipotent and
M2 contains non-squared unipotent elements.
Here we study the designs constructed by Method 2 with G = PSL(2, q2), M =
Mi for i = 1, 2 and all g ∈M×. By Theorem 1.2, they are 1-(|gG|, |gG∩M |, 1GM (g))
designs. Since |G| = q
2(q4−1)
2 , |Mi| = q(q
2 − 1), we have |G :M | = q(q
2+1)
2 .
The following properties of G andMi are well-known and they could be obtained
easily from computation:
i) An element of Mi is either unipotent or semisimple.
ii) There is exactly one unipotent conjugacy class in Mi, which is either
squared or non-squared in G.
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iii) G has exactly one conjugacy class yG of involutions and CG(y) ∼= Dq2−1,
a dihedral group of order q2 − 1. Each Mi has exactly two involutory
conjugacy classes xMi and CMi(x)
∼= D2(q±1).
iv) The permutation character 1GMi has been evaluated as follows. For g ∈ G,
1GMi(g) =


|G :Mi| if g = 1,
q if o(g) = 2 or p,
q+1
2 if o(g)|
q−1
2 and o(g)  2,
q−1
2 if o(g)|
q+1
2 and o(g)  2,
0 otherwise.
Now we apply these results for each conjugacy withG = PSL(2, q2) andM = M1.
The dual method will give simlar results for M = M2.
5.1. Designs from involutions g ∈M . Recall that G has exactly one conjugacy
class gG of involutions, CG(g) ∼= Dq2−1, and |g
G| = q
2(q2+1)
2 . Moreover, CG(g) is
known as the normalizer of a maximal split torus of G.
Here M has exactly two involutory conjugacy classes, call them xM1 and x
M
2 ,
where CM (x1) ∼= D2(q+1) and CM (x2) ∼= D2(q−1). Moreover, CM (x1) and CM (x2)
are also recognized as the normalizers of two maximal tori, non-split and split
respectively. As the orders of dihedral groups CG(xi) are divisible by 4, we have
Z(CG(xi)) = {1, xi}. We have M ∩ gG = xM1 ∪ x
M
2 and
|M ∩ gG| = |xM1 |+ |x
M
2 | =
|M |
2(q + 1)
+
|M |
2(q − 1)
=
q(q − 1)
2
+
q(q + 1)
2
= q2.
So the design constructed by Method 2 is a 1-( q
2(q2+1)
2 , q
2, q) design, call it D.
Lemma 5.1. For all x ∈ gG we have |Ix| = 1 if q > 3, and |Ix| = 3 if q = 3.
Proof. For q = 3, Example 4.7 was demonstrated the computation in details. Now
we suppose that q > 3.
Let x ∈ gG and Bi := Mgi ∩ gG for i ∈ [1, q] be all q distinct blocks containing
x. Recall that CG(x) ∼= Dq2−1. First of all, we shall show that CG(x) acts on the
set {Bi : i ∈ [1, q]} into two orbits of sizes
q−1
2 and
q+1
2 .
If x ∈ Mgi such that CMgi (x) ∼= D2(q+1) then, since g
G is invariant under
conjugate action, we have
StabCG(x)(Bi) = StabCG(x)(M
gi)
= StabG(M
gi) ∩ CG(x)
= Mgi ∩CG(x) = CMgi (x).
So Bi belongs to an orbit of size
q−1
2 . Using the same argument, if CMgi (x)
∼=
D2(q−1), then Bi belongs to an orbit of size
q+1
2 . As M has only two conjugacy
classes of involutions, an orbit of the action of CG(x) on {Bi : i ∈ [1, q]} has size
either q−12 or
q+1
2 . Since q > 3, CG(x) acts on q blocks with no invariant points.
Thus our claim holds.
Let A := ∩qi=1 M
gi . By Lemma 4.8, CG(x)A is a nontrivial proper subgroup
of G. Since CG(x) ∼= Dq2−1 is maximal in G, CG(x)A must equal CG(x), which
implies A ≤ CG(x). Since Ix = ∩
q
i=1 Bi = A ∩ g
G and the above argument works
for all elements in Ix, all elements in Ix commute.
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Suppose that there is y ∈ Ix − {x}. Notice that y 6∈ Z(CG(x)) = {1, x} since
CG(x) ∼= Dq2−1. Since Ix ⊂ A ≤ CG(x) and CG(x) acts on Ix by conjugation, the
conjugacy class of y in CG(x) is also contained in Ix. However, all these elements
do not commute in Dq2−1 when q > 3. This completes the proof. 
5.2. Designs from nontrivial unipotents g ∈ M . Recall that g ∈ M is in the
squared unipotent conjugacy class of G = PSL(2, q2). We have CG(g) ∈ Sylp(G)
and CM (g) ∈ Sylp(M), thus
|gG| = |G/CG(g)| =
q4 − 1
2
and |gM | = |M/CM (g)| = q
2 − 1.
Since M has a unique nontrivial unipotent conjugacy class, uG ∩ M = uM .
Hence, we obtain a 1-( q
4−1
2 , q
2 − 1, q) design, call it D.
Lemma 5.2. |Ix| = q−1 for all x ∈ gG. Moreover, Ix = CM (x)∩gG for x ∈M∩gG
and the reduced design DI is a 1-design with parameters (
(q2+1)(q+1)
2 , q + 1, q).
Proof. Let x ∈ gG and Bi :=M
gi∩gG for i ∈ [1, q] be all q distinct blocks containing
x. Recall that CG(x)∩Mgi = CMgi (x) ∈ Sylp(M
gi). First we claim that the action
of CG(x) on {Bi}
q
i=1 is transitive. Since CG(x) 6⊂M
gi , the action is nontrivial. We
have StabCG(x)(M
gi) = CG(x)∩StabG(Mgi) = CG(x)∩Mgi = CMgi (x). Thus the
orbit of Mgi has size |CG(x)/CMgi (x)| = q, which proves the claim.
SinceMgi has a unique unipotent conjugacy class, CMgi (x)
× ⊂ Bi. Since CG(x)
is abelian, CMgi (x) is invariant under this action. So CMgi (x)
× ⊂ Bhi for all
h ∈ CG(x). Thus CMgi (x)× ⊂ Ix.
Let A := ∩qi=1M
gi . Since CMgi (x) ≤ A and CMgi (x) ∈ Sylp(M
gi), we have
CMgi (x) ∈ Sylp(A). Suppose that there is y ∈ Ix − CMgi (x). Using the same
argument, we obtain CMgi (y)
× ⊂ Ix and CMgi (y) ∈ Sylp(A). Since A contains at
least two distinct Sylow p-subgroups and A  Mgi ∼= PGL(2, q), by [6, Corollary
2.2 and Corollary 2.3], we obtain A ∼= PSL(2, q). Thus A⊳Mgi for all i ∈ [1, q] since
|Mgi/A| = 2. This implies that Mgi ≤ NG(A) for all i. However, the maximality
of Mgi and q ≥ 3 imply NG(A) = G, which contradicts the simplicity of G. Thus
there is no y ∈ Ix − CMgi (x) and this completes the proof. 
Remark 5.3. In the above proof, |CG(x)A| =
q2(q2−1)
2 and StabG(Ix) = NG(CMgi (x))
is a Borel subgroup of G, which is maximal in G. By Lemma 4.8, StabG(Ix) =
CG(x)A. Thus, together with the maximality of StabG(Ix), G acts primitively on
both points and blocks of DI .
5.3. Designs from semisimples g ∈M with o(g) > 2. Since G = PSL(2, q2), g
is regular and belongs to a maximal split torus CG(g) of order
q2−1
2 in G. Thus,
|gG| = q2(q2 + 1).
Since gcd(q − 1, q + 1) = 2, if o(g)|(q − 1) then g belongs to a maximal torus of
order q − 1 in M and |gM | = q(q + 1) = |gG ∩M |; otherwise if o(g)|(q + 1) then g
belongs to a maximal torus of order q + 1 in M and |gM | = q(q − 1) = |gG ∩M |.
So we obtain 1-(q2(q2 + 1), q(q ± 1), q±12 ) designs, call them D
± respectively.
Lemma 5.4. Ix = {x, x−1} for all x ∈ gG. Then the reduced designs D
±
I are
1-designs with parameters ( q
2(q2+1)
2 ,
q(q±1)
2 ,
q±1
2 ) respectively.
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Proof. It suffices to prove this lemma for the 1-(q2(q2 + 1), q(q + 1), q+12 ) design
D+. Let x ∈ gG and Bi := M
gi ∩ gG for i ∈ [1, q+12 ] be all the
q+1
2 distinct blocks
containing x. Since x is regular and contained in the maximal torus Ti := CMgi (x),
its inverse x−1 is also in Ti. Since the normalizer NMgi (Ti) ∼= D2(q−1) fuses x to
x−1, we have both x, x−1 ∈ Bi. Thus x, x−1 ∈ Ix.
Consider the conjugate action of T := CG(x) on {Bi : i ∈ [1,
q+1
2 ]}. Recall that
T is a maximal split torus of order q
2−1
2 in G. We have
StabT (Bi) = StabT (M
gi) = StabG(M
gi) ∩ T =Mgi ∩ T = Ti
of order q − 1. Thus T acts transitively on {Bi : i ∈ [1,
q+1
2 ]}.
Let A := ∩
q+1
2
i=1 M
gi . By Lemma 4.8, TA  G. By the simplicity of G and [6,
Corollary 2.2], TA ≤ NG(T ) =: N ∼= Dq2−1, a maximal subgroup of G. Since the
Weyl group N of T controls the fusion of all regular elements of T in G and the Lie
rank of G is one, we have gG∩N = {x, x−1}. Therefore, A∩gG ⊂ N∩gG = {x, x−1}
which completes the proof. 
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